Abstract. We prove that the localétale fundamental group of a strongly F -regular singularity is finite (and likewise for theétale fundamental group of the complement of a codimension ≥ 2 set), analogous to results of Xu and Greb-Kebekus-Peternell for KLT singularities in characteristic zero. In fact our result is effective, we show that the reciprocal of the F -signature of the singularity gives a bound on the size of this fundamental group. To prove these results and their corollaries, we develop new transformation rules for the F -signature under finiteétale-in-codimension-one extensions. As another consequence of these transformation rules, we also obtain purity of the branch locus over rings with mild singularities (particularly if the F -signature is > 1/2). Finally, we generalize our F -signature transformation rules to the context of pairs and not-necessarilý etale-in-codimension-one extensions, obtaining an analog of another result of Xu.
Introduction
In [Kol11, Question 26] J. Kollár asked whether if (0 ∈ X) is the germ of a KLT singularity, then π 1 (X \ {0}) is finite. In [Xu14] C. Xu showed that this holds for thé etale local fundamental group, in other words, for the profinite completion of π 1 (X \ {0}). Building on this result, [GKP13] proved the finiteness of theétale fundamental groups of the regular locus of KLT singularities (see also [TX15] ). Over the past few decades, we have learned that KLT singularities are closely related to strongly F -regular singularities in characteristic p > 0, see [HW02, Har98] . Hence it is natural to ask whether their locaĺ etale fundamental groups are also finite. We show that this is indeed the case. In fact, we find an upper bound for the size of the fundamental group in terms of a well studied invariant for measuring singularities in characteristic p > 0, the F -signature s(R).
Theorem A (Theorem 5.1). Let (R, m, k) be a normal F -finite and strongly F -regular strictly Henselian 1 local domain of prime characteristic p > 0, with dimension d ≥ 2. Then theétale fundamental group of the punctured spectrum of R, i.e. π 1 := πé t 1 Spec
• (R) , is finite. Furthermore, the order of π 1 is at most 1/s(R) and is prime to p. The same also holds for πé t 1 Spec(R) \ Z where Z ⊆ Spec R has codimension ≥ 2. Observe, that unlike the characteristic zero situation, our characteristic p > 0 result is effective, we give an explicit bound on the size of the π 1 . It is also worth noting that we are working with theétale fundamental group, not the tame fundamental group. Indeed, for R strongly F -regular, any finiteétale in codimension 1 local extension (R, m, k) ⊆ (S, n, ℓ)
The first named author was supported in part by the NSF FRG Grant DMS #1265261/1501115. The second named author was supported in part by the NSF FRG Grant DMS #1265261/1501115 and NSF CAREER Grant DMS #1252860/1501102. The third named author was supported in party by NSF Grant DMS #1419448. 1 This just means it is Henselian with separably closed residue field. must be tame everywhere. This was already implicitly observed in [ST14] but we make it precise here. Indeed, we note that p cannot divide [K(S) : K(R)] if the residue fields are equal Corollary 2.11.
The technical tool where F -regularity is used in our proof is a transformation rule for Fsignature under finiteétale-in-codimension-1-morphisms. The F -signature was introduced implicitly in [SVdB97] and explicitly in [HL02] . Roughly speaking, it measures how many different ways R ֒→ F e * R splits as e goes to infinity. Explicitly, if R has perfect residue field and F e * R = R ⊕ae ⊕ M as an R-module, where M has no free R-summands, then s(R) = lim e→∞ a e p e dim R . Here are three quick facts: • The limit s(R) exists [Tuc12] .
• s(R) > 0 if and only if R is strongly F -regular [AL03] .
• s(R) ≤ 1. Note that there have been a number of transformation rules for F -signature under finite maps in the past. However, they were generally only an inequality (that went the wrong way for our purposes), or assumed that S is flat over R (or made other assumptions about R and S). See for instance [HL02, Yao06, HY09, Tuc12] .
Theorem B (Theorem 3.1). Let (R, m, k) ⊆ (S, n, ℓ) be a module-finite local extension of F -finite d-dimensional normal local domains in characteristic p > 0, with corresponding extension of fraction fields K ⊆ L. Suppose R ⊆ S isétale in codimension 1, and that R is strongly F -regular. Then if one writes S = R ⊕f ⊕ M as a decomposition of R-modules so that M has no nonzero free direct summands, then f = [ℓ : k] ≥ 1 and the following equality holds:
Below, before Theorem D, we discuss how to still get precise transformation rules of F -signature even when R ⊆ S is not necessarilyétale in codimension 1. By applying Theorem B in the case k = ℓ, we see that s(S) = [L : K] · s(R). Since s(S) ≤ 1, we immediately see that [L : K] ≤ 1/s(R). In other words, the reciprocal of the F -signature s(R) gives an upper bound on the generic rank of a finite localétale in codimension 1 extension with the same residue field. Theorem A then follows. We also obtain characteristic p > 0 corollaries similar to some of those in [GKP13] .
Because our bound on the size of theétalefundamental group is effective, we immediately obtain a new result on purity of the branch locus.
Theorem C (Corollary 3.3). Suppose Y − → X is a finite dominant map of F -finite normal integral schemes. If s(O X,P ) > 1/2 for all P ∈ X then the branch locus of Y − → X has no irreducible components of codimension ≥ 2, in other words it is a divisor.
In [BST12] , the notion of F -signature of pairs was introduced. In Theorem 4.4, we obtain an analogous result to Theorem B in the context of pairs. Indeed, if (R, ∆) is a strongly F -regular pair, then this can be interpreted as follows. The reciprocal of s(R, ∆) gives an upper bound on the generic rank of a finite local extension (R, m) ⊆ (S, n) such that π * ∆ − Ram ≥ 0 (here Ram is the ramification divisor on Spec S and π : Spec S − → Spec R is the induced map). By taking cones, this immediately yields the following characteristic p > 0 analog of the second main result of [Xu14] . Here note that globally F -regular varieties are an analog of log-Fano varieties in characteristic zero [SS10] .
Theorem D (Corollary 4.8). Suppose that (X, ∆) is a globally F -regular projective pair over an algebraically closed field of characteristic p > 0. There is a number n such that every finite separable cover π :
0, B = 0, A = 0. Let Φ ∈ Hom R (S, R) be an S-module generator, Ψ ∈ Hom S (T, S) be a T -module generator, and observe that Φ • Ψ ∈ Hom R (T, R) is a T -module generator by, for instance [Sch09, Lemma 3.9]. Write γ( ) = Φ(s · ), β( ) = Ψ(t · ). This implies that D γ = div S (s) and that D β = div T (t). We observe that γ • β( ) = Φ • Ψ(st · ) and so
If we write F e * R = R ⊕ae ⊕ M where M has no free R-summands, in other words a e is the maximal rank of a free R-summand of F e * R, then the F -signature of R, is equal to s(R) := lim e→∞ a e p e(d+α) .
More generally, if ∆ ≥ 0 is a Q-divisor on Spec R and if we let a ∆ e denote the maximal rank of a free R-summand of F e * R whose corresponding projection maps lie in Hom R F e * R(⌈(p e − 1)∆⌉), R ⊆ Hom R (F e * R, R), then the F -signature of the pair (R, ∆) is equal to
The elements of Hom
form what is called a Cartier algebra since they are closed under composition, [Sch11, Bli13] . Indeed in [BST12] , F -signature with respect to general Cartier algebras is defined and studied. Below, we discuss F -signature with respect to an object that is not quite a Cartier algebra (but which will otherwise be convenient for us).
Consider (R, m, k) an F -finite normal local domain with full Cartier algebra C = C R . If ∆ ≥ 0 is a Q-divisor, we can form the Cartier subalgebra C ∆ ⊆ C , with
Hom R F e * R(⌊p e ∆⌋), R . This object is not generally a Cartier algebra since given two maps
we can compose and obtain
However, ⌊p f ∆⌋ + p f ⌊p e ∆⌋ is not always ≥ ⌊p e+f ∆⌋ and so G is not closed under composition.
Observe that if ∆ ≥ 0 satisfies ⌊∆⌋ = 0, then we have
e . furthermore, we have equality if (p e − 1)∆ is an integral Weil divisor.
Setting 2.5. Suppose (R, m) is an F -finite normal local domain of dimension d and ∆ ≥ 0 is a Q-divisor on Spec R such that ⌊∆⌋ = 0. We define G e as above.
Definition 2.6. With notation as in Setting 2.5, we set 
e ⊆ G e . Indeed, any c with div(c) ≥ ⌈∆⌉ will work. Obviously we have that For the last assertion in the statement of the lemma, we just choose a 0 = c ∈ R such that div(c) ≥ ∆ + D, then we are going to have (F e * c) · G e ⊆ G ′ e ⊆ G e , thus we argue as above, including running Lemma 2.8.
Lemma 2.8. Let (R, m, k) be an F -finite normal local domain of dimension d. Suppose we have a pair of sequences of finite colength ideals {I e } e and {J e } e such that m
[p e ] ⊆ I e ⊆ J e holds for all e. Additionally assume that there is a 0 = c ∈ R such that I e ⊆ J e ⊆ (I e : c) for all e. Then, it follows that:
In particular, We conclude this subsection with a brief recollection of strongly F -regular singularities and globally F -regular projective varieties.
Definition 2.9. Suppose that (R, m) is a normal local ring and ∆ ≥ 0 is a Q-divisor. We say that (R, ∆) is strongly F -regular if s(R, ∆) > 0. This is equivalent by [AL03, BST12] to the assertion that for every 0 = c ∈ R, there exists some e > 0 and ϕ ∈ C ∆ e with ϕ(F e * cR) = R. Suppose X is a normal projective variety over an algebraically closed field and ∆ ≥ 0 is a Q-divisor on X. For any ample line bundle L on X, form the section ring R = i≥0 H 0 (X, L i ) and let ∆ R be the corresponding Q-divisor. We say that (X, ∆) is globally F -regular if (R, ∆ R ) is strongly F -regular, this is independent of the choice of
2.3. Notes on trace. We believe the following easy lemma is well known to experts but we do not know an easy reference Lemma 2.10. Suppose that (R, m) ⊆ (S, n) is a finite extension of normal local rings. Then Tr(n) ⊆ m.
Proof. Choose A a divisorial discrete valuation ring with uniformizer a ∈ A of K(R) centered over V (m) ⊆ Spec R. Let B be the normalization of A inside K(S). Note that B is a 1-dimensional semi-local ring with maximal ideals b 1 , . . . , b l . Note that each b i ∩ S = n. Let K B/A be the relative canonical divisor/ramification divisor of A ⊆ B and observe that 2 Tr B(K B/A ) ⊆ A. Now, notice that
by linearity of trace. We claim that i b i ⊆ a · B(K B/A ). We can check this locally on B. Indeed, localize at a b i to obtain a DVR B ′ = B b i with uniformizer b. Then write a = ub n where u is a unit of B ′ . We also know that K B ′ /A = m div(b) where n − 1 ≤ m (with equality in the case of tame ramification).
where the last containment holds since n − m ≤ 1. In conclusion
Next choose x ∈ n, then x ∈ i b i and so Tr(x) ∈ aA ∩ R = m as claimed.
The following corollary can also be viewed as a result on purity of the branch locus. We also believe it is well known to experts but we do not know a reference.
Corollary 2.11. Suppose that (R, m) is a splinter (for instance, if it is strongly Fregular). Then there is no finite local extension (R, m) ⊆ (S, n) of normal domains with corresponding fraction fields K ⊆ L such that (a) the residue fields Note in the above proof, if the condition that R is a splinter is removed, then condition (c) can be replaced by the condition that Tr : S − → R is surjective, and then the result is well known to experts (with the same proof).
Definition 2.12. Let R ⊆ S be a finite separable extension of normal domains, we say that a direct R-summand M of S is a Tr-summand if M ∼ = R and the associated projection linear map ρ :
for some s ∈ S, equivalently ρ ∈ Tr ·S inside the S-module Hom S (S, R). This is independent of the choice of the isomorphism M ∼ = R.
We will use the next lemma frequently.
Lemma 2.13. Suppose (R, m, k) ⊆ (S, n, ℓ) is a separable finite extension of normal local domains. If Tr : S − → R is surjective, then [ℓ : k] is equal to the number of simultaneous free R-summands of S whose projection maps are multiples of Tr, in other words the number of Tr-summands.
Lemma 2.10. By [BST12, Lemma 3.6], the number of free summands whose projection maps are multiples of Tr is equal to
which proves the first statement. For the second, if we have equality, then we have a
Let us now briefly discuss tame ramification. In the case that K(R) ⊆ K(S) is Galois, the surjectivity of the trace map Tr : S − → R has been coined cohomologically tamely ramified by M. Kerz and A. Schmidt; see for example [KS10, Claim 1, Theorem 6.2]. They actually proved in that article that this is in fact the strongest among all the notion of tameness, including the one in [GM71] .
What we want to observe next is that in the cases we consider in this paper, if Tr : S − → R is surjective, then the extension of residue fields k ⊆ ℓ is a separable extension. This is implicit in the proof of [KS10, Claim 1, Theorem 6.2] but we give a careful proof in our setting. First we recall a very special case of a result of David Speyer. We thank David Speyer for sharing a preliminary draft of a paper with us.
Lemma 2.14 ( [Spe15] ). Suppose that (R, m) ⊆ (S, n) is a finite local extension of Ffinite normal domains with Tr : S − → R surjective. Further suppose that ϕ R : F e * R − → R is an R-linear map that extends to ϕ S : F e * S − → S. If m is ϕ R -compatible, then n is ϕ S -compatible.
Proof. We give a short proof here for the convenience of the reader. We have the commutative diagram [ST14, Proposition 4.1]
Hence, we also have that
Thus ϕ S (F e * n) S, since Tr is onto, and hence ϕ S (F e * n) ⊆ n as desired.
Lemma 2.15. Suppose (R, m, k) ⊆ (S, n, ℓ) is a finite local extension of F -finite normal domains that isétale in codimension 1 and such that R is strongly F -regular. Let K = K(R) and L = K(S). In this case k ⊆ ℓ is separable and
Proof. We begin with a claim.
Claim 2.16. There exists a surjective map ϕ R :
Proof of claim. Choose a surjective ψ : F e * R − → R (which exists since R is F -split). Then there exists a smallest j > 0 such that ψ(F e * m j ) ⊆ m. If j = 1, we may take ϕ = ψ, so assume j > 1. By hypothesis ϕ(F e * m j−1 ) = R. Choose z ∈ m j−1 with ϕ(F e * z) = 1. Form the map ϕ R (F e * ) = ψ F e * (z · ) , it has the desired properties. This proves the claim.
Since R ⊆ S isétale in codimension 1, ϕ R extends to a map ϕ S by [ST14, Theorem 5.7]. Therefore we have the commutative diagram where the vertical maps are inclusions.
We notice that n is ϕ S -compatible by Lemma 2.14. Thus by modding out the bottom row by the compatible ideal n and the top row by m = n ∩ R we obtain the diagram
It follows from [ST14, Proposition 5.2] that k ⊆ ℓ is separable since ϕ k is surjective and hence not the zero map. This proves the first result. After completion, the second part follows from the standard claim below.
Proof of claim. Since the extension of coefficient fields is separable, we can choose k ⊆ ℓ a containment of coefficient fields as well. Now consider R ⊗ k ℓ. Obviously this maps to S. Hence we have a factorization
It follows that R ⊗ k ℓ is a normal local domain and a finite extension of R with a map to S. The map R ⊗ k ℓ − → S is also finite and must be injective because if it had a kernel, S would be finite over a lower dimensional ring.
. This finishes the claim.
It also finishes the proof of Lemma 2.15.
Remark 2.18. It is not difficult to generalize Lemma 2.15 to the context of pairs if R ⊆ S is not necessarilyétale in codimension 1. The only places whereétale in codimension 1 is used is when we extend ϕ R to ϕ S . Indeed, if one assumes that (R, ∆) is strongly F -regular and that π * ∆ − Ram is effective, the proof works without change. We will not need this generalization in what follows, however.
2.4. Local fundamental groups of singularities. The study of local fundamental groups of (normal) singularities has a long history, having early origins in the study of resolution of singularities in positive characteristic based on the work of S. Abhyankar and others (this mostly related to fundamental groups of a curve singularities). It also goes back for example to the work of D. Mumford [Mum61] in which it is proven that for the analytic germ of a normal complex surface, regularity or smoothness is equivalent to the triviality of the local fundamental group. The same principle was generalized to the algebraic setting by H. Flenner in [Fle75] , see also [CS93, Corollary 5] . This however is known to be false in positive characteristic by examples given by M. Artin in [Art77] , see also [CS93] . Our results are focused on higher dimensions however.
By local fundamental group of a singularity here we understand and mean theétale fundamental group of the punctured spectrum of a strictly local 3 normal domain (R, m, k),
Exposé V] or well in [Mur67] . Notice that since R is a domain, its punctured spectrum is connected, thereby it makes sense to talk about itsétale fundamental group.
As customary for normal schemes, we choose the generic point as our base pointx, i.e. our base point is going to be the field extensionx : K ֒→ K sep , the or some separable closure of K the fraction field of R.
We will need to compareétale coverings of a normal connected scheme X and thé etale coverings of an open connected subscheme U of it, say U = X \ Z with Z ⊆ X of codimension ≥ 2. Then we need to observe the following two Galois categories are equivalent cf. [Art77] for the local case we care about: the category G of normal schemes finite over X which areétale except possibly above Z; and the category FEt/U ofétale coverings of U. We clearly have a functor G − → FEt/U given by restriction to The above observation will be of great help for us inasmuch as by definition π 1 (U) is the fundamental group classifying or pro-representing the Galois category FEt/U, but we use the equivalence above to classify instead the category G . In case X = Spec(R) with R a singularity as above, this category is the same as the category of module-finite (semi-local) inclusions of normal rings R ⊆ S (where the morphism are the morphism of R-algebras) which areétale except possibly at the prime ideals lying over the closed Z (or m when U is the punctured spectrum of R). Hence, we can work in a ring-theoretic setting.
Another advantage is obtained in the understanding of the Galois coverings. For remember that in order to compute π 1 one takes the directed projective system of connected/minimal and Galois elements R ⊆ S in G , and then considers its associated projective limit
However, since the base normal domain R is Henselian, the connected/minimal elements of G are precisely the local domains in G , this is precisely the equivalence between (a) and (b) in [Mil80, Theorem 4.2, Chapter 1]. The Galois extensions here are those R ⊆ S with finite Galois extensions of fraction fields, moreover in that case Aut G S = Hom R (S, K sep ) = Gal(L/K) where L is the fraction field of S.
We finish this series of remarks by pointing out that for general normal schemes there is a particularly nice way to describe the computation of the respectiveétale fundamental group. Say S is a normal and connected scheme, consequently integral, so if we choose the base point to be a fixed separable closure of the fraction field K, we can take X i to be the normalization of X in K i where the K i are the finite Galois extension of K inside of our fixed separable closure such that X i is unramified over X, then
3. F -Signature goes up under the presence of ramification
⊕f ⊕ M as a decomposition of R-modules so that M has no nonzero free direct summands, then the following inequality relating the F -signatures holds:
In the theorem below, we show that if the extension above isétale in codimension 1 and if R is strongly F -regular, then equality holds. We will also observe that if ℓ = k, then f = 1. So that if there is any ramification (i.e. the extension is notétale everywhere) then the F -signature of S would be at least twice the F -signature of R.
Theorem 3.1. Let (R, m, k) ⊆ (S, n, ℓ) be a module-finite local extension of F -finite ddimensional normal local domains in characteristic p > 0, with corresponding extension of fraction fields K ⊆ L. Suppose R ⊆ S isétale in codimension 1, and that R is strongly F -regular. Then if one writes S = R ⊕f ⊕ M as a decomposition of R-modules so that M has no nonzero free direct summands, then f = [ℓ : k] ≥ 1 and the following equality holds:
Proof. We notice that if R is strongly F -regular, so is S by [Wat91, Theorem 2.7], so both R and S have positive F -signature by [AL03] . Also see [ST14, Lemma 3.5, Lemma 3.6]. By [ST14, Proposition 4.8], it follows that the trace map Tr : S − → R generates the S-module Hom R (S, R). Moreover, by [ST14, Corollary 7 .7], the trace map is surjective (this following from R being strongly F -regular). By Lemma 2.13 f = [ℓ : k].
Having the above in mind, we follow the proof of [Tuc12, Corollary 4.13], trying to improve the estimates there by using these stronger conditions. We notice that
and denote by b e the maximal rank of a free R-module appearing in a direct sum decomposition of S 1/p e . If one writes a decomposition S 1/p e = S ⊕ae(S) ⊕ N e as S-modules where N e does not admit a free direct summand as S-module, then one also gets a decomposition of S 1/p e as an R-module
From this one concludes that b e ≥ f · a e (S). However, equality might not hold because of the possibility of free R-summands coming from N e . We will show that this cannot happen under our stronger hypotheses. In fact, if N is any S-module with no nonzero free direct S-summands, we will show it has no free direct R-summands as well. Indeed, by [Sch09, Lemma 3.9] one has that any R-linear map N − → R is going to admit a factorization through the trace map, i.e. N − → S Tr − → R (for this we are making use of the condition Hom R (S, R) = Tr ·S). Then, by virtue of the inclusion Tr(n) ⊆ m Lemma 2.10, if N − → R is surjective so has to be the factor N − → S, so that any free R-summand of N would give rise to a free S-summand.
In conclusion, we have that b e = f ·a e (S). By dividing through by p e(d+α(R)) = p
e(d+α(S))
and letting e − → ∞ one obtains the desired equality (this by making use of [Tuc12, Theorem 4.11]).
The following corollary will be one of the key ingredients to show the finiteness of theétale fundamental group of a strongly F -regular singularity. It reflects how the Fsignature imposes strong conditions for the existence of non trivial coverings of a punctured spectrum. Now we state and prove our promised purity of the branch locus result. Compare with [Zar58, Nag58, Kun69, Gro05, Cut95].
Corollary 3.3 (Purity of the branch locus for rings with mild singularities). Suppose Y − → X is a finite dominant map of F -finite normal integral schemes. If s(O X,P ) > 1/2 for all P ∈ X then the branch locus of Y − → X has no irreducible components of codimension ≥ 2, in other words it is a divisor.
Proof. We work locally with X = Spec R and Y = Spec S. Let P ⊆ R be a minimal prime of the locus where R ⊆ S is notétale, i.e. a branch point. Suppose however the height of P is at least 2. Localizing at P and completing, we may form R P , m, k ⊆ S i where the S i are complete normal local domains. Since the original R P ⊆ S P is notétale, at least one of the finite inclusions R P ⊆ S i is notétale. Switching notation, let R = R P and S = S i so that we have a finite inclusion (R, m, k) ⊆ (S, n, ℓ) with s(R) > 1/2. We notice that this extension isétale in codimension 1 but notétale. But this contradicts Corollary 3.2 and the fact that s(S) ≤ 1.
Remark 3.4. Kunz began using Frobenius to study singularities because he observed that if F e * R is a free R-module, then purity of the branch locus holds for R. On the other hand, s(R) > 1/2 can be interpreted as saying that F e * R is more than half-free as an R-module (at least for e ≫ 0). In other words, the above says that if F e * R is more than half-free as an R-module for e ≫ 0, then purity of the branch locus holds.
We rephrase this in one more way, and point out that we can do slightly better in characteristic 2. Of course, it is well known that this complete intersection satisfies purity of the branch locus [Gro05] .
Corollary 3.7. Suppose that L is an ample line bundle on a globally F -regular projective variety X over an algebraically closed field k.
Proof. We have an inclusion R ⊆ S = i≥0 H 0 (X, A i ) which, while not graded, simply multiplies degrees by m. We notice that this inclusion isétale in codimension 1, see for instance [SS10, Lemma 5.7] . Furthermore, it is easy to see that it has generic rank m. The result follows immediately by completion (or Henselization) and Theorem 3.1.
Behavior of F -signature of pairs under finite morphisms
In this section we generalize the formula of Theorem 3.1 to maps which are not necessarilyétale in codimension 1. We include it in a separate section because of its much more technical proof. We will see that in compensation, the formalism of divisors provides a way to include the presence of codimension-1 ramification into the transformation formula, so that we can recover the formula without pairs in the case of extensions that areétale in codimension 1.
As in the proof of Theorem 3.1, one of the main ingredients will be the capability of factoring through the trace maps. The following two lemmas are formulated here as generalization of the sort of factorization in [Sch09, Lemma 3.9], we do it in two steps; we first add pure ramification with Lemma 4.1 and secondly the presence of pairs with Lemma 4.2. Given an element α ∈ Hom S F e * S(Ram), Hom R (S, R) it is identified with a map β ∈ Hom R F e * S(Ram), R through Hom −⊗ adjointness by composing with the evaluationat-1 map Hom R (S, R) − → R. In our case, ϑ ∈ Hom R F e * S(Ram), R) yields a map ψ ∈ Hom S F e * S(Ram), S(Ram) such that, since Tr : S(Ram) − → R corresponds to the evaluation-at-1 map Hom R (S, R) − → R, we know that ϑ = Tr •ψ. This proves the claim.
By twisting and using the projection formula, we view ψ as an element contained in Hom S F e * S(⌊p e π * ∆⌋ + (1 − p e )Ram), S and so by restriction, we obtain
Further restricting to F e * S (since π * ∆ − Ram is effective) proves the lemma.
Theorem 4.4. Suppose that (R, m, k) ⊆ (S, n, ℓ) is a finite separable extension of normal local domains with ramification / relative canonical divisor Ram. Let π : Y = Spec S − → X = Spec R be the corresponding morphism of schemes. Suppose that
Proof. First note that if Tr(S)
R, then f = 0. Furthermore, in this case, by [ST14, Corollary 6.26] τ (R, ∆ X ) = Tr(τ (S, ∆ Y )) ⊆ Tr(S) R and so (R, ∆ X ) is not strongly F -regular and s(R, ∆ X ) = 0. Thus the equality holds. We may henceforth assume that Tr(S) = R so that (S, ∆ Y ) is strongly F -regular if and only if s(R, ∆ X ) is by [ST14, Corollary 6.31]. Hence one side is zero if and only if the other is, and so we may assume that s(R, ∆ X ), s(S, ∆ Y ) > 0. Finally, again note that since Tr(S) = R, f = [ℓ : k] by Lemma 2.13. We additionally remark that we can also assume without lost of generality that ⌊∆ X ⌋ = 0, otherwise the equality we plan to show would become trivially 0 = 0.
Recall that by [BST12, Lemma 3.6] one has that
As in Section 2.2, write
corresponds to the maps ϕ ∈ C R e which factors through a map F e * R(⌊p e ∆ X ⌋) − → R via the natural inclusion R ⊆ R(⌊p e ∆ X ⌋). One defines and interprets G 
Proof. The proof of this is, mutatis mutandis, the same as the proof of [Tuc12, Theorem 4.11]. Indeed, one has the following equalities, It only remains to verify that (4.5.1) lim
For this purpose we utilize Lemma 2.8. First observe that
For any rs ∈ I G e S and any ϑ ∈ D e , write ϑ
where * * denotes reflexification as an R-module (or equivalently, since it can be viewed as S2-ification, as an S-module where appropriate). Note the equalities and containments can be checked in codimension 1 where they are obvious. Putting (4.5.3) and (4.5.4) together yields:
Then, viewing things at the level of the field of fractions, ϕ(F e * cb 2 · ) ∈ D e and so ϕ(F e * cb 2 y) ∈ m. It follows that
where the first containment was shown in (4.5.2). Now (4.5.1) follows from Lemma 2.8. 4 To see this work locally with a separable extension of DVRs R ⊆ S with uniformizers r and s such that r = us n . Observe if D = λ div R (r), then
which implies that ⌊π * D⌋ ≤ ⌊n{λ} div S (s) + π * ⌊D⌋ and so and ⌊n{λ} div S (s)⌋ ≤ Ram.
Proof. By applying the second part of Lemma 2.7, we can compute s(S, ∆ Y ) using The following should be viewed as a characteristic p > 0 analog of [Xu14, Proposition 1]. First however, recall that if X is projective variety over k = k, ∆ is a Q-divisor and L is an ample line bundle, then we can form the the section ring R = n≥0 H 0 (X, L n ). We have a canonical k * -bundle map Spec R \ V (R >0 ) − → X. We can then pull back ∆ from X and obtain a unique corresponding divisor ∆ R on Spec R. See [SS10, Section 5].
Corollary 4.8. Suppose that (X, ∆ X ) is a globally F -regular projective variety over an algebraically closed field k. Suppose L is ample on X and that R = n≥0 H 0 (X, L n ) with ∆ R the corresponding divisor on R. Then 1/s(R, ∆ R ) is an upper bound on the generic rank of a finite separable cover π : Y − → X with Y normal such that ∆ Y = π * ∆ X −Ram Y /X is effective. In particular, if ∆ = 0, then 1/s(R) is an upper bound on a finite separablé etale-in-codimension-1 cover of any open set U ⊆ X whose complement has codimension ≥ 2 in X.
We have a graded finite inclusion R ⊆ S with associated µ : Spec S − → Spec R. Since (X, ∆ X ) is globally 5. Finiteness of the fundamental group of a strongly F -regular singularity
In this section we prove our main result, namely; finiteness of theétale fundamental group of a strongly F -regular singularity. Let (R, m, k) be a normal F -finite and strongly F -regular strictly local domain of prime characteristic p > 0. We will demonstrate finiteness of theétale fundamental group of U ′ ⊆ U := Spec • (R) where U ′ is the complement of a closed subset Z of X := Spec(R) through m of codimension at least 2. In particular, since strongly F -regular rings are normal, the singular locus has codimension at least 2, and we can take U ′ = U reg as the regular locus.
Theorem 5.1. Let (R, m, k) be a normal F -finite and strongly F -regular strictly local domain of prime characteristic p > 0, with dimension d ≥ 2. Let Z ∋ m be a closed subscheme of X := Spec(R) of codimension at least 2 with complement U.Then theétale fundamental group of U, i.e. π 1 := πé t 1 U,x , is finite. Furthermore, the order of π 1 is at most 1/s(R) and is prime to p. For example, Z = {m} and U = Spec
• (R).
Proof. First note that since R is a normal domain, U = X \ Z is always connected. Next, notice that since the trace is surjective, all the coverings we consider are (cohomologically) tamely ramified, in particular; given we have taken the hypothesis k = k sep , all the residue field extensions in this category are trivial, see Lemma 2.15.
In this way, to show that π 1 is finite one just has to show that a sequence of module-finite local inclusions
in which the consecutive inclusions (S i , n i , k) ⊆ (S i+1 , n i+1 , k) areétale in codimension 1, and the extensions (R, m, k) ⊆ (S i , n i , k) are all Galois, stabilizes; by this we mean that S i = S i+1 for all i ≫ 1. In fact, what we have is that all but finitely many consecutive inclusions areétale everywhere, this is a direct consequence of the Corollary 3.2: because if this is not the case, then the F -signature of the local rings S i will eventually be arbitrarily large as i grows (since we started with s(R) > 0), but the F -signature of any ring is wellknown to be at most 1. Hence, eventually one has equalities since in this settingétale-ness guarantees equality (the extension will be free because it isétale, but at most 1 = [ℓ : k] free summand is allowed or possible because the extensions of residue fields are all trivial).
For the upper bound on the order of π 1 , just noticed that in this case there will be a Galois extension (R, m) ⊆ (S ⋆ , n ⋆ ) representing G . This is going to dominate any other such extension. To get such (S ⋆ , n ⋆ ), let (S, n) be a maximal element in a chain as above (this corresponds to a maximal element a chain ofétale extensions over U). If it does not dominate some other extension (R, m) ⊆ (T, o) ⊆ K sep which is alsoétale over U, then both (S, m) and (T, o) can be dominated by a larger extension alsoétale over U. Thus we may take S ⋆ = S.
We now have π 1 = Aut G S ⋆ = Gal(L ⋆ /K), the second equality holds because of the Galois condition, thereby
, the inequality at the end is just given by Corollary 3.5. By Corollary 2.11, it also follows the order of the group is prime to p.
Remark 5.2. We remark we need to assume our local ring expressing the singularity is strictly Henselian and not just Henselian since otherwise the associated fundamental group would contain Gal(k sep /k), which might easily be infinite, for instance; for perfect fields the separable closure coincides with the algebraic closure. For example, this is infinite for k = F p . Nonetheless, under the hypothesis #Gal(k sep /k) < ∞ the same result would follow.
Remark 5.3. As we have observed several times before, the surjectivity of the trace imposes strong tameness on the ramification, namely cohomological tameness. So that theétale fundamental group we dealt with in Theorem 5.1 is actually the same as the/any tame fundamental group. In fact, as we noticed, the order of the group is prime to p.
From the proof of Theorem 5.1 we get the following statement, which is a local and positive characteristic analog for [GKP13, Theorem 1.1].
Scholium 5.4. Let (R, m, k) be a strongly F -regular local domain. In any chain (R, m) ⊆ (S 1 , n 1 ) ⊆ (S 2 , n 2 ) ⊆ (S 3 , n 3 ) ⊆ · · · of module-finite localétale in codimension 1 inclusions of normal local domains all but finitely many of the extensions areétale everywhere.
The following corollary is the local positive characteristic analog of [GKP13, Theorem 1.5]. However, in our local case it follows from a general result for singularities with finite fundamental group. So that it is not that interesting as in the global case.
Corollary 5.5. Suppose that (R, m) is a strictly local F -finite strongly F -regular domain. Then inside any fixed separable closure of its fraction field K, there exists a unique largest finite localétale in codimension 1 extension (R, m) ⊆ (S, n) of normal domains so that (S, n) has no non-trivial finite localétale in codimension 1 extension (S, n) (T, o), i.e. with trivial fundamental group. Proof. If D is Q-Cartier with index n, not divisible by p, then the cyclic cover R ⊆ R ⊕ R(−D) ⊕ · · · ⊕ R(−(n − 1)D) = T isétale in codimension 1 by [Wat91, Example 2.8]. Now, T is a domain by [TW92, Corollary 1.9] hence local since R is Henselian. The extension R ⊆ T has generic rank n and the first statements follows. Note that π * D is still Q-Cartier but it must be Cartier since otherwise we could take a cyclic cover on S which has no non-trivialétale in codimension 1 covers.
By taking cones we also have the following.
Corollary 5.7. Suppose that X is a projective globally F -regular variety over an algebraically closed field and that Z ⊆ X is a closed subset of codimension ≥ 2. Let U = X \Z. Then π 1 := πé t 1 U) is finite of order prime to p. Proof. We can bound the degree of any finiteétale cover of U as before in Corollary 4.8 and prove that its order is relatively prime to p. The result then follows exactly as in Theorem 5.1.
Remark 5.8. In the case that dim X ≤ 3 and p ≥ 11, if X is globally F -regular it is also rationally chain connected by [GLP + 15] . Hence by [CL04] , if it is also smooth, thé etale fundamental group is finite of order prime to p (see also [Kol95, Theorem 4 .13] and [GKP13, Section 11.2]). On the other hand, Corollary 5.7 can also be thought of as evidence that (smooth) globally F -regular varieties are rationally chain connected in all dimensions.
It is natural to ask whether the characteristic p > 0 results of this paper imply the characteristic zero results of [Xu14] and some of the results of [GKP13] . Unfortunately, we do not know how to reduce local algebraic fundamental groups to characteristic p ≫ 0 by spreading out. However, if we had a positive answer to the following question, a number of characteristic zero results would immediately follow. Examples seem to suggest that this is the case. Of course, this is only a special case of the following question which a number of people have already considered.
Question 5.10. Does lim p→∞ s(R p ) have a geometric interpretation, or at least some geometric lower bounds?
Indeed, answers to this question would yield effective versions of many of the results of [Xu14] and [GKP13] .
